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Positive and Negative Charged Rods
Alternating Along a Line: Exact Results

P. J. Forrester!
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The Coulomb system consisting of an equal number of positive and negative
charged rods confined to a line with the charges alternating in sign along the
line is considered. By replacing the line with a lattice, one can calculate the
grand partition function and correlations exactly for one value of the coupling
constant. The exact solution exhibits features forbidden in the corresponding
continuous system, in which each pair of oppositely charged rods also interact
via a short-range repulsive potential, and there is no restriction on the ordering
of the charges. The sum rule indicating the phase of the system is identified.

KEY WORDS: Kosterlitz-Thouless phase transition; two-component plasma.

1. INTRODUCTION AND SUMMARY

The two-species, log-potential Coulomb gas was first studied because of an
analogy with the Kondo problem.":?) Specifically, one was led to consider
a system consisting of an equal number of positive and negative charged
rods confined to a circle and arranged so that the charges alternate in sign
around the circle. In addition to the logarithmic potential between the
charged rods, a short-range repulsive potential (range t, say) is needed so
that the system does not collapse at low temperatures. The Coulomb gas is
then a two-parameter system, characterized by the coupling constant
I'=q%/ky T (q is the magnitude of the charges) and the quantity pr, which
is the ratio of the range of the short-range repulsive potential 7 to the inter-
particle spacing 1/p.

In a mapping valid in the low-density, pt — 0 limit, the free energy and
dipole moment of the Coulomb gas were related to the ground-state energy
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and susceptibility, respectively, of the Kondo problem. Furthermore, the
length of the circle containing the charges is inversely related to the tem-
perature in the Kondo problem, so the thermodynamic limit of the
Coulomb gas reproduces the zero-temperature properties of the Kondo
problem. We will be primarily interested in this case.

As noted above, motivated by this analogy, two studies were made of
the Coulomb gas. The first was by Anderson et al.") They developed a
scaling theory whereby pr is varied infinitesimally and the resulting grand
partition function related to that of the same system with the original value
of pt, but a different I'. In fact, the scaling theory leads to a set of coupled
differential equations for the free energy, I, and pt. These equations have a
fixed point at the value of the coupling constant I"'=2. This is a transition
point {again we stress that such analysis can only be justified in the low-
density, pt - 0 limit.) In the original Kondo problem it corresponds to a
transition from antiferromagnetic (I” < 2) to ferromagnetic (I"> 2) coupling
of the impurity spin.

The two phases of the Kondo problem can be characterized by the
susceptibility y. For low temperatures 7 in the Kondo problem the suscep-
tibility in the ferromagnetic regime behaves as

1~1T (1.1)

while in the antiferromagnetic regime

¥ ~ const >0 (1.2)

In the second of the aforementioned studies of the Coulomb gas, it was
shown by Schotte and Schotte® that y is related to the dipole moment of
the Coulomb gas. Specifically,

() e

where L is the circumference of the circle containing the Coulomb gas. But
since L is proportional to 1/7, we have from (1.1) and (1.2) the results

<<Zq,»x,-—L/2>2>~L for I'<2 (1.4)
<<Zq,~xi—L/2>2>~L2 for I'>2 (1.5)

Thus we are already in possession of some information regarding the
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Coulomb gas, but for reasons to be discussed below, it is not
straightforward to interpret these results.

It is our purpose to investigate this Coulomb gas more closely. This
study will be possible because of an exact solvability property of the
Coulomb gas: if we put the system on a lattice, the free energy and n-par-
ticle correlation functions can be calculated in closed form at the coupling
I'=1. (In the original Kondo problem this corresponds to the exactiy
solvable Thouless limit.) By calculating the two- and three-particle
correlation functions away from the ends of the system (even though the
domain is a circle, the system is not translation invariant, because of the
specified ordering of the charges), two special properties of this system are
demonstrated.

Firstly, at /"= 1 the system is not in a conducting state, which means
the charges are not free to respond to and screen an external charge density
in the long wavelength limit. This in itself is not very surprising, since the
specified ordering of the charges prevents redistribution of the charge den-
sity to exactly screen an arbitrary charge density with total charge #N,,
N an integer.

Secondly, even though the state is not conducting, the two-particle
correlations decay as 1/x* (x denoting the interparticle distance), the three-
particle correlations decay at least as fast as 1/x>, and the dipole moment
of the screening cloud about any two fixed charges within the system
vanishes. This contrasts with the allowed behavior of a continuous system
satisfying the first and second BGY equations (and thus not having any
restrictions on the ordering of the charges). For then, precisely because of
the above conditions on the decay of the correlations and the validity of
the dipole moment sum rule imply that the system must be in a conducting
state (Alastuey and Martin®).

In the last section we discuss these results with respect to the phase of
the system. In particular we identify the dipole moment sum rule as the
phase indicator.

2. EXACT SOLUTION AT I'=1

To properly define the problem, we need to make an explicit choice of
the short-range cutoff. For the exact solvability property we need to choose
a lattice for this purpose.

Divide a line of length L into M intervals so that there are sites at the
points nl/M, n=1, 2,.., M. Introduce an interlacing lattice at the points
(n—1/2)L/M, n=1, 2,.., M. Denote these lattices %, and %, respectively.
Allow N (< M) positive charges to occupy % and N negative charges to
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occupy %,. Impose periodic boundary conditions so that the pair potential
is

V(0,,0,)= —q,9; log[|e*™/" — >™/L| (L/2m)] (2.1)

(this is equivalent to defining the system on a circle of circumference L).
Denote the coordinates of the positive charges by m, L/M and the

coordinates of the negative charges by (I, — 1/2)L/M, m,, [,=1,2,., M.

Further denote

211:imk/M’

il — 1/2)/M (22)

W,=¢€ Zp=¢€

With this notation and the ordering of the charges

1<l <my, mi+1l<h<my,.,my_+1<Iy<my (23)
I<sm<m< - <mysM

so that they alternate in sign, the Boltzmann factor of the system for
general I'=q*/k, T is

Wr=(27t/L)”V< [T we—willz,— ,-I/H I1 |Zk_Wj|> (24)

1<j<k<N j=1k=1

We will now proceed to transform (2.4) into a manageable expression
for I'=1. Using the identity

Ieigj—eigkl — l‘*l e—(9j+ Gk)/Z(eiGj_ein)’ 0
J

>0, (2.5)

and the Cauchy double alternant determinant formula

def(t=wz)1= T tne=w)e=2)[T1 [T 1=z (26)

l<j<k<N j=1k=1

we have

N
Wl — (—an/L)N ( l—[ eni(mk\lk+ 1/2)/M> Det[(l . ezm(mj—zk+ 1/2)/M)41] (27)
k=1
If we introduce a parameter u, || <1, as a factor of the exponent in
each term of the determinant, they can each be Taylor-expanded, and after
familiar manipulation®*’ we obtain

W, =(—2n/L)" tm Y ([N] ;ﬂf)

po i 0oy, Jj=1

x Det[EZnim,-(cijr 1/2)/M e —2mi(l;— 1/2) (e + 1/2)/M] (28)
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If we write
w=7;+k;M, 0<y,<M—1, k;=0,1,2,. (2.9)

it is straightforward to take the limit u — 1~ and we obtain as our working
identity
M—1
Wl — (ﬂfl/L)N Z Dﬁt[e,Znim]-(y/-+ 1/2)/M e~2ni(l/-—l/2)(w(+ 1/2)/M:| (210)

2.1. Grand Partition Function

For this system the partition function Z, is given by

Zy=Y W, (2.11)

where X denotes the restricted range (2.3), and the grand partition function
is given by
M
E=Y >z, (2.12)

k=0

where { denotes the activity.

To calculate Z,, we first sum over the /. in order, k=1, 2,..., N. From
the structure of the determinant (2.10), the sums can be performed row-by-
row. After summing over /; from 1 to m, in the first row, we proceed to
sum over /, from m; + 1 to m, in the second row. But

m nz m

Y =YX-X (2.13)

Lh=m+1 =1 hL=1

and since the summand is the same as in the first row, by adding an
appropriate multiple of the first row to the second row we are left with

my
p2mima(v2 + 1/2) Z o~ 2wl = 1/2)(v+ 1/2)/M
=1

= 2 ID({ — g~ 2mimali t VM) D sin m(y, + 1/2)/M]~" (2.14)

for the second row. Proceeding similarly in each of the remaining sums
l3,..., I, we obtain

RSy m———
N 2L 1<mi< - <my<N LO<ypn oy sinm(y, +1/2)/M

% Det[EZnimj(yj+ 1/2)/M(1 . ef2nimj(yk+ 1/2)/M)]} (215)
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The expression within the brackets { } is a symmetric function of the
m’s. To see this, suppose we interchange m; and m,. But interchanging y,
and y, clearly leaves the value of this expression unchanged, and then
interchanging both the /th and /'th rows and the /th and /'th columns also
leaves the value of the expression unchanged and returns it to its original
form. Thus, we can drop the ordering constraint on the sum over the m’s
provided we divide by N!

The m; can now be summed over from 1 up to M row-by-row. Noting

M
Z eZnim(yj+ 12/M __ eZnim(yjfyk)/M
m=1

= —2/(1 — e~ 2mly+112M) _ M, .0 (2.16)
where the 6 denotes the Kronecker delta, we obtain
7 N 1 M1 N 1
2v=(5z) 3,2, (115 )
M\ N OSE_"M ,Ul sin m(y,+ 1/2)/M
x Det[2(1 — e~ Zrity+ 1/2)/My—=1 o Méyj_yk,()] (2.17)

If y,=1v,, j#k, then in the above determinant two rows are the same,
so we can choose y;#7,. Therefore, since the expression is symmetric in
the y’s,

T \" ud 1
ZN:(E> 0<y1<-~-z (11:—[1Sinn(71+1/2)/M>

<yysEM-—1

x Det[ M5, o+ 2(1 — e~ 205+ V2/My =17 (2.18)

To evaluate this determinant, we first take out the factor

M//lj =2/(1— e 2ty + 1/2)/M)

from the jth row and then use the readily derived identity

N N

N
k=1

Jj=1

(2.19)

}“j
1
k

j

S,

where a;=1+4; for i=j and 1 otherwise. We thus have evaluated Z,
with the result
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N i :
Zy=(nM/2L) ) ( ] e n(y,+1/2)/M )

O0<yi< -» <yySM—1 N=1
2 X . My —1
x 1+_ l_e—lm(yj+l/2)M —
[+ ¢ )]
=
= coefficient of {** in the expansion of the function

[MHI <1 T i:?fl/Z)/Mﬂ

=0

LSS 1 220
X (1 L EO sn U+ 1/2)/M+ncM/2L> (2.20)

From (2.12) we see that this expression is in fact the grand partition
function Z. Hence the pressure P is given by

1
P= lm —log %
B im 7 og

L - o0

11 nl?
—_ S 2.21
1 L dtlog (1 + 27 sin nt) (221)

where
t=L/M (2.22)

is the lattice spacing.

2.2. Correlaltion Functions

Within the domain from zero to L the charges are ordered so that a
negative charge is closest to the boundary at zero and a positive charge
closest to the boundary at L. Thus, even with periodic boundary conditions
the system is not translation invariant, nor is it invariant under charge
negation. For example, the one-particle correlation is dependent on the
position within the system and is different for each species of charge.
However, we expect this effect to be confined to the neighborhoods of the
boundaries. If the correlations are defined so that the test charges are
located near the center of the system and then the thermodynamic limit is
taken, the correlations will be translation invariant and have charge
negation symmetry. We consider this case only in our exact results.

We will be interested in calculating both the two- and three-particle
correlation functions. Let us illustrate the procedure by giving some details

822/45/1-2-11
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of the calculation for the two-particle correlation between unlike charges.
With [, — 1/2 denoting the coordinate of a fixed negative charge and m, the
coordinate of a fixed positive charge, this correlation is defined as

bl 12 m)=5"Y ("Z(L,,m,) (223)
where

5 2 N
zm”mazamggaa:g{il[LHMQH1+Mmgﬁwna:hoazﬁ

Here X denotes the summation ranges (2.3), and §/6a¢ and §/6b denote
functional differentiation.

Using the expression for W, in (2.10), we first sum over the I’s row-by-
row, canceling terms as noted in the paragraph around (2.13), and then
sum over the m’s (again the summand is symmetric in the m’s, so the
ordering constraint can be dropped provided we divide by N!). This gives

Z(la,ma)=—1—<i—n>N M}jl Det[f S [1+a()I01+b(0)]

N‘ L 0<yrom¥YN m=1I1=1

 mimi(j+ 1/2)M o —2mill—1/2) (v + 1/2)] (2.25)

The functional differentiation can now be performd by differentiating the
determinant row-by-row. Each determinant thus obtained is in fact the
same, as can be seen by interchanging appropriate rows, columns, and
summation labels. Hence

1 z\¥ M-1 N 1
Z(la’ma)=(N_2)! <—2_I—4> Z <Il;[1 sin 7[('})[+1/2)/M>

0<y1,n¥N

N—-2
x [ I1 21 —e—z’ff(w“/Z)/M)‘] det[b,] (2.26)
j=1

where

1+4, Jj=k  k#N—1,N-2
1, j#k, k#N—1N—2
) Y j=N-1

¢ka j::ﬁJ

(2.27)
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and
Y= — e~ 2milla—1/2) (v + 1/2)/M(627ri(1a—1/2)(v1v—1 TL2YM | pmiton -+ 1/2)/M)
sin w(y, + 1/2)/M (2.28)
sin z(yy_,+1/2)/M '
¢k — eZm'ma(yN+ 1/2)/M(1 _ efznima(yk-# 1/2)/M) (229)

The A; are defined in the paragraph between (2.18) and (2.19). By elemen-
tary row operations we readily find

N-—-2 3 N=2
Det[b,-k]=( 1 x,)[fo(m_l,mw S firwniw) X gv(yk)} (2.30)
=1 v=1 k=1

where

Jo=fi=(@n¥n_1—VYndn_1)
f2:¢N71—¢N7 f3:l//N_l//N——1 (2-31)
g1=1/2, 2=/ Ay, g3 =Pi/x

Inserting the functional form (2.30) in (2.26) and using the definition
(2.23), we have

1
p~,+ <la_§’ ma>
_1 ncZ 2M—1 TCCZ
—5(2_[,—) II:—[O <1+215inn(l+1/2)/M>

M=1 M—1 ngz 8(k)
x X ( Z s Z sinn(k+1/2)/M+7TC2M/2L>

YN-1=0 yy=0 k=0
k#yN_1,7N

X (sin[zwl] +22C?2> 1<sin[£(vlv—;@} + 7;—?) - (2.32)

It now remains to insert the explicit form of the f7s, g’s, and Z, and
note that in the thermodynamic limit the sums become integrals. Recalling
that the test charges at m, and I, — 1/2 are located near the center of the
system, we see that only functions of m,—/, contribute. The final result is

1 Soll,—m,—1/2) S,(l,— m,—1/2)
] — 52 0 a a a
Pv < a2 m"> P n{?/2t

1 2
— [Sz<la—ma—~§>} (2.33)
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where
2 .

So(x) = %CT— f dt sin 2mxt (2.34)

0

g’ fl dt sin 2nxt (2.35)

Sa(x)= 2t Jo sin mt + 032

Although this result was derived with the assumption /, > m,, it also holds
for I,<m, (and thus has charge negation symmetry).
By proceeding similarly we obtain the further evaluations

P4 +(my,my)= Pz — [Ca(m,—my) Y (2.36)
Pa v i(ma,my,m)=p>+plp,  (mg,m)+p, ,(my,m)

+ p+,+(mc’ ma)]
+ 2C,(m,—m,) Cy(my —m,) Cy(m.—m,)2.37)

p—,+,+(la_ 1/27 m, mb)
=p+plo_ (=12, m)+p_ (l,—1/2,mp)+p, ,(m,, mg)]

T Colmy—my) [2sz(la iy 1/2) Syl my — 112)

_ Solla—my—1/2) So(l,—m,—1/2)

2721
Solla—m,—1/2) Sy(l,—m,—1/2)

_ 2.38

nl*2t (238)
where
n{* 1 dtcos 27xt

= —m 2.39

G =7 jo sin 77 + (/21 (2.39)

All other correlations can be deduced from these results by charge
negation symmetry. (As noted above, the original system does not
have charge negation symmetry. However, by explicit calculation,
the correlations in the interior of the system do have this property, as
expected.)

3. SUM RULES

3.1. Perfect Screening Sum Rule

A good check on the accuracy of our working is to verify the perfect
screening sum rule,® since it is thought to be equivalent to the existence of
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the thermodynamic limit. This says that the amount of charge contained
within the screening cloud of any charge (or group of charges) in the
system is equal and opposite to that of the charge (or group of charges).
Thus

— S o U=12m)+ Y py e m)=—p (1)

mp= —0

- Z pz,+,+(l_1/29 n,, mb)+ Z p£,+,+(m> maamb)

/=~ m= —o0

=—=2p% ,(mg, m,) (3.2)

where the T denotes the appropriate (two- or three-particle) truncated dis-
tribution function. From the exact results (2.33) and (2.36)-(2.38), the
screening sum rules (3.1) and (3.2) are readily verified.

3.2. Asymptotic Behavior of the Correlations

In the continuous log-potential Coulomb system confined to a line, the
state of the system (conducting or insulating) can be determined by the
asymptotic behavior of the charge—charge correlation function."® This
sum rule is the analogue of the Stillinger—Lovett sum rule for log-potential
systems in a two-dimensional domain. A similar sum rule holds in the
present case.

ecall that a conducting state is characterized by its ability to screen
an external charge density dp.,, = A¢** in the long-wavelength, k — 0 limit.
In the lattice case this means that the change in charge density on
neighboring lattice. sites (one available to positive charges, the other
negative charges) will exactly compensate the amount of charge within a
region of length 7 (the lattice spacing) in the external charge density.

With (-}, denoting the canonical average in the presence of the exter-
nal charge density, C_(/-1/2) the microscopic charge density at point
{—1/2 of the negative charges, and C (m) the microscopic charge density
at point m of the positive charges, our characterization of the conducting
state reads

[KC_(1=1/2)3,+<C (D31 —[{C_(I=1/2) ;0 +{C (D) ;0]
~ —Ate™*! as k-0 (3.3)

We now use a linear response relation, which equates the left-hand side of
(3.3) to

AB{IC_(1=1/2)+ C.(DTH >4 -0
—KLC_(1=1/2)+ C (D110 <{H\s0} (3.4)
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Here H,, the additional Hamiltonian due to the external charge density, is
given by

Z [eirmc+(m)+ eltlm—1/2) C’_(m e 1/2)] (35)

After writing the canonical averages in (3.4) as truncated two-particle
distributions and then equating to the right-hand side of (3.3), we obtain
the £ — 0, leading order singular behavior sum rule

< ikmt T|k
2 Y T pSgtpT ()~ _(m=12)]~ T (36)

m= —o0

From the theory of Fourier series® this is equivalent to saying that for
large |m|

1

2[01,+(|Wl|)~ﬂi,_(|m—1/2I)]~#n7|—2 (3.7)

From the exact expressions (2.33) and (2.36)—(2.38) we readily deduce
the large-distance decay of the correlations

1 4
)> as |m,—m,| - w0 (3.8)

T m,,m ~—‘L’2 ——
p+,+( a b) <nC(ma—mb

1 1 4
o (g )~ () e (9)

1 2 1 ’
p{r,+,+(maamb7mc)~2T2C2(ma_mb)< > <7IC( >

nc(mc_mb) mC‘mﬂ)

for m,, m, fixed and |m | — 0 (3.10)

1
PZ,+,+ <la~—i’ m,, mb)

7\2 1
T (c‘) Calma=m,) <[n(la— my—1/2)1 n(l,—m,— 1)2)

1
T, —m,— 1T #ll,—m,— 1/2)>

for m,, m, fixed and |/,| — (3.11)
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1
pZ,+,+ <1a_§7 mg, mb)

1 218,(li—m,—1/2)  Soll,—m,—1/2)
! (nC(ma—mb)> ( wl,—my—172)  nll,—m,—1/2) )

for [,, m, fixed and m;, — oo (3.12)

Hence from (3.8) and (3.9)
L% (Iml)—p% _(Im—1/2])]1~ —=27(1/n{m)* (3.13)

which contradicts the sum rule (3.7), so we thus conclude that the system is
in an insulating state.

3.3. Dipole Moment Sum Rule

Suppose we fix two charges in the system and compare the charge den-
sity after this even to before (that is, we consider the screening cloud of the
fixed charges). The dipole moment sum rule says that the dipole moment of
this screening cloud will vanish.

Unlike the perfect screening sum rule, this sum rule is not thought to
be generally true. Rather, by an analysis of the BGY equations, it apears
for continuous systems that this sum rule breaks down if the system is not
in a conducting state.®!® (By saying this, we are of course assuming that
the truncated three-particle distribution functions decay fast enough for the
dipole moment to exist.)

From (3.10)-(3.12) the three-particle correlations here decay at least
as fast as O(1/x?), so the dipole moment sum rule is well defined. It states

Z mp£,+,+(m9 ma’mb)— Z (1_1/2)p7;,+,+(1‘1/25 maamb)

m= —o0 I= —©
= _(ma+mb)p1,+(ma:mb) (314)
Z m’p£77’+(m’, la_l/zy ma)

— Y =12l 12— 12m,)

I'= —o0

=La=1/2)=mJpT (L,—1/2,m,) (3.15)



166 Forrester

Using the exact expressions (2.33) and (2.36)—(2.38), we find that these
sum rules are obeyed. To illustrate our method of calculation, we give the
derivation of (3.15) in the Appendix.

4. DISCUSSION

Let us first address ourselves to the question of the phase of the
system. We noted in the introduction that it seems clear that the system
can never be in a conducting phase in the sense that the sum rule (3.13)
will not be satisfied. Nevertheless the scaling theory of Anderson et al.!!)
indicates a Kosterlitz-Thouless type phase transition at I'=2. Further-
more, photographs taken in Schotte and Schotte’s Monte-Carlo simulation
show in visual terms that, for temperatures I">2, the system consists
entirely of dipoles, while the region 2> I">1 has a domain structure, in
which groups of dipoles are separated by a single positive or negative
charge (no simulation was performed for I'< 1). What sum rule charac-
terizes the particular phase?

To answer this question, we appeal to the analogy with the two-dimen-
sional two-component plasma. Then it is known that the conducting phase
can be characterized either by the Stillinger—Lovett or dipole moment sum
rule.19-® This is intuitively reasonable since one would think that, with
no restriction on the ordering of the charges, both these sum rules would
hold if and only if there is a macroscopic number of free charges. We have
argued that the analog of the Stillinger—Lovett sum rule (3.13) cannot be
satisfied in the present system. Let us consider the dipole moment sum rule.
With the test charges being chosen from those in the system, it would seem
that here the restricted ordering of the charges plays no essential role. Thus
we would expect that the dipole moment sum rule identifies the phase of
the system, the rule being valid if and only if there is a macroscopic num-
ber of free charges in the system, that is, for "< 2. Our exact result at I'=1
is in agreement with these remarks.

Now consider the results on the dipole moment (1.4) and (1.5). We
would like to use these results to deduce the large distance decay of the
two-particle correlations. Unfortunately, this is not possible since the
canonical average relates to the finite system in which the system does not
possess charge negation symmetry, and thus has a non-zero dipole
moment. Hence, the canonical averages cannot be related to the second
moment of the “bulk” (i.e. translation and charge negation invariant) two-
particle correlation. However, these results do make one suspicious of a
change in the rate of decay of the bulk two-particle correlation at the I"=2
transition.
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Finally, let us speculate on a further feature of our exact solution
isotherm I'=1. We have already noted that Schotte and Schotte’s com-
puter simulation shows a domain structure for 2> I"> 1. It may be that for
I'<1 all dipoles in the system have ionized, so that I'=1 is the tem-
perature at which dipoles can first form in the system. If this is true, then
the situation would be analogous to the two-dimensional two-component
plasma. There, in the low density limit, computer simulation®"’ shows that,
for 4> I'>2, there is a mixture of dipoles and ions, while for "< 2 the
system consists entirely of free charges. Indeed the /=2 boundary between
the two regions is again a solvable isotherm.?

APPENDIX

We want to derive the dipole moment sum rule (3.15). First, from the
exact expression (2.38) one can check the symmetry relations

pi,f,ﬁ—(m,’ la‘- 1/27 ma) =p1,7,+(lai m,+ 1/2’ ma_ml + la) (Al)

pl _ (=121, —12,m)y=p" . _(I'\l,,m,+1/2) (A2)

Using these relationships, one finds that the left-hand side of (3.15)
becomes

(la+ma+1/2) Z p£,+,*(ml’ la’ma+1/2)

-2 Y mpt, _(m, l,m,+1/2) (A3)
Since
Y EI=5(t—s),  j1—s <1 (A4)

m fo )

we obtain, after using the expression (2.38) and interchanging the order of
summation and integration, the result

18

Pl (' Ly m+1/2) =T—[Sy(m,+1/2—1,)]*  (AS5)

m'

il

— 00
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where

1 1 n(?
I=[2Sz (ma—i-z—la)—So <ma+§—la>]——£

Ldt sin 2n(m,+ 1/2—1,)t
A6
X fo (sin mt + n{%/21)? (A6)
To evaluate the remaining term in (A3), we require the formulas
I ¢ 2im(t —5)
— =S = 5 (t — 8), t—s| <1 A7
T L me (t=s)  li=s (A7)

jl ds fl dr f(1) g(s) 8'(1 —5)
0 0

=3 L) 8=/ 51~ [ g1 /6)  (A9)

Then, after using the expression (2.38) and interchanging the order of sum-
mation and integration, we have the result

[ee]

Y ompl  _(m, . m,+3)

= %(ma + la + %)1_ (ma + %)[SZ(ma + %_ la)]Z
+3mo+5—1,) Salmy+3—1,) So(mg + 31— 1,) (A9)

Substituting (A5) and (A9) in (A3) and recalling the expression (2.33) for
p” . (l,—1/2,m,), we obtain the sum rule (3.15).
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